Abstract-We propose a cylindrical invisibility cloak achieved utilizing two dimensional split-ring resonator structured metamaterials at microwave frequencies. The cloak has spatially uniform parameters in the axial direction, and can work very well even when the cloak shell is very thin compared with the concealed object and the working wavelength. Numerical simulation is performed to verify the functionality of the cloak, where the cloak layer is only around 1/4 of the operating wavelength. Our work provides a feasible solution to the experimental realization of cloaks with ideal parameters.
INTRODUCTION
In recent years, a number of approaches have been proposed to realize the invisibility cloaks for electromagnetic (EM) waves . The one that wins most attention is based on transformation optics, a mathematic tool which takes advantage of the form invariance of Maxwell's equations under certain coordinate transformations. A spherical cloak was proposed which can perfectly hide arbitrary objects inside from EM illumination [1] , and a cylindrical cloak which is uniform and infinite in its axial direction was proposed afterwards as a two-dimensional simplification of the spherical cloak [6] . Since the constitutive material parameters (µ ρ , µ φ , ε z for TE case, or ε ρ , ε φ , µ z for TM case) are space dependent in three directions and difficult to realize, Schurig et al. simplified the material parameters so that only µ ρ (or ε ρ ) is spatially varying, leading to the first experimental realization of such a cloak at microwave frequency [7] . Other kinds of simplifications have also been considered, including those based on high order transformations to minimize the inherent reflection at the outer surface of the simplified cloak [8, 9] , or the use of simplified parameters for non-magnetic optical cloaks [10] . Further analytical scattering models of imperfect cloaks [11] [12] [13] [14] [15] [16] [17] [18] and theoretical studies on other intrinsic problems associated with cloaks [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] and transformation optics [29] [30] [31] [32] [33] have also been presented [18] [19] [20] [21] [22] [23] [24] [25] .
The simplified approaches for cloak designs reduce the difficulty of the experimental realizations. However, theoretical work shows that the scattering of such kind of cloaks can not be totally removed [9, 10, 13, 15] , which greatly limits the applications of cloaks. In particular, the performance of the cloak may be jeopardized as the thickness of the cloak shell is reduced. As a solution, a perfect cylindrical cloak with only two spatially variant parameters is considered [18] . For TE wave illumination, a scale transformation in cylindrical coordinate (TM case can be similarly derived) is applied:
where f is an arbitrary smooth function. Under the above mapping, the parameters of the transformation media can be expressed as
Letting
where C is an undetermined coefficient, and considering the conditions f (R 1 ) = 0 and f (R 2 ) = R 2 , we obtain the solution for f (ρ) and the corresponding material parameters of the cloak
where R 1 and R 2 represent inner and outer boundaries of the cloak. We note that ε z is a constant larger than 1. At the same time, since only µ ρ and µ ϕ are spatially variant, this cloak can be realized with 2D metamaterials [34] [35] [36] . We first consider an ideal invisibility cloak with extremely thin shell, and then evaluate the performance of the cloak when four-layer stepwise approximation is adopted. While an extremely thin cloaks is commonly considered impractical, we offer a scheme to realize this cloak with cross-embedded split-ring resonators (SRR) [35] , which allows for the independent control of the permeability along two orthogonal directions. The cloak shell is thus composed of four layers of SRR structures, the total thickness of which is approximately 1/4 of the operating wavelength. Numerical simulations show that although small forward scattering can still be noticed, the cloak effectively reduces the backward scattering of the object whose radius is four times that the thickness of the cloak shell. This work provides a possible solution to many practical cases wherein a thin concealing device is required. Figure 1 shows the parameter profile of the cloak (solid lines) for a TE polarized incidence. In principle, as long as the material parameters take the exact forms addressed in Equation (2), a cloak with perfect invisibility can be realized. The COMSOL Multiphysics finite elementbased electromagnetics solver is used to simulate the z-directed electric field distribution of a perfect electric conducting (PEC) cylinder (the radius is 0.16 m) illuminated by a TE plane wave along x direction. In this case, remarkable scattering is observed, as shown in Figure 2(a) . In comparison, a cloak with the parameters characterized by Equation (1) whose inner and outer radiuses of the cloak are 0.16 m and 0.2 m, respectively can perfectly guide the incoming wave and reduce the scattering outside (see Figure 2(b) ).
PARAMETERS
Addressing real fabrication process, we of course have to consider a stratified version of the cloak with discretized parameters to approximate the ideal one. Quite naturally, it can be estimated that the more layers we use, the better performance we will get. In order to model the physical realization of the ideal continuous cloaking material, we simulate a 4-layer cloak with the discretization of the material parameters. In Figure 1 , the dashed lines indicate the material parameters for the configuration of a 4-layer cloak. The corresponding electric field distribution is also simulated, as shown in Figure 2 (c). Compared with the ideal case, we find that though small forward scattering is introduced by this layered cloak, most of the incident wave is guided around the inner cylinder. Figure 2 . E z field distribution of (a) a bare PEC cylinder, (b) a perfect cloak with the axially invariant parameter, (c) a four-layer stepwise approximation of the perfect cloak. In the calculation, we use the parameters retrieved from the 2D metamaterial shown in Figure 3 . The imaginary part of permeability is also included, which accounts for the forward scattering.
RESULTS
We use 2D SRR structures to realize this cloak for TE polarized wave. Consistently with the above discussion, the inner and outer boundaries of the cloak are also 0.16 m and 0.2 m, respectively. The elementary cell of the metamaterial is shown in Figure 3 . We propose to use two kinds of printed circuit boards with the S-rings to assemble the 2D cell: one small square board (side length 10 mm) with the SRR mirrored printed on both sides of the 2 mm thick substrate and the other with the SRR printed only on one side of the 1 mm thick substrate (side length 13.6 mm). Two pieces of the one-side printed boards are inserted into the slots of the two-side printed board to form a 2D unit cell of the metamaterial, as indicated in Figure 3 . The cloak is composed of four layers, and each layer is implemented by repeating the unit cell along the circle. The 2D structure for each layer is separately designed to meet the parameter requirement specified in Figure 1 . For the interior layer (first layer), the dimensions of the sample are h1 = 8.96 mm, g1 = 1.6 mm, w1 = w2 = 1.02 mm, h2 = 9.4 mm, and g2 = 1.74 mm, The relative permittivity of the substrate is 4.0. The dimensions for other layers are as follows: the second layer, h1 = 8.8 mm, g1 = 1.57 mm, w1 = 1.002 mm, w2 = 1.024 mm, h2 = 9.44 mm, and g2 = 1.75 mm; the third layer, h1 = 8.68 mm, g1 = 1.55 mm, w1 = 0.988 mm, w2 = 1.03 mm, h2 = 9.49 mm, and g2 = 1.76 mm; the outer layer, h1 = 8.64 mm, g1 = 1.54 mm, w1 = 0.983 mm, w2 = 1.04 mm, h2 = 9.78 mm, and g2 = 1.77 mm. The performance of the full cloaking structure, resolving all spatial details down to the unit-cell scale, is evaluated with the commercial software CST STUDIO SUITE. In the simulation, the electromagnetic wave is incident from the left side of the cloak, propagating in the x direction, and the boundary condition in z axis is set as perfect electric boundary. The z component of the electric field at 1.88 GHz is shown in Figure 4 , where we can see that only in the region behind the cloaked object some perturbations of the wave front can be noticed. The scattering is mainly caused by the discretization of the ideal parameters, and partly due to the loss introduced by the metamaterials.
CONCLUSIONS
In conclusion, we have proposed an ultrathin cylindrical cloak for TE wave made of 2D SRR metamaterial structures. Since the design of this cloak is based on the ideal parameters without compromising the performance of the cloak, it can overcome the drawbacks of those cloaks relying on simplified parameters. In principle, the only issues that would introduce scattering are the discretization of the parameters and the loss of the composing materials. With the advent of more and more 2-D metamaterial structures, the approaches we proposed here can be implemented with some manual efforts, but without need for advanced fabrication approaches.
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